In this paper, double diffusive squeezing unsteady flow of electrically conducting nanofluid between two parallel disks under slip and temperature jump condition is analyzed using the homotopy perturbation method. The obtained solutions from the analysis are used to investigate the effects of the of Brownian motion parameter, thermophoresis parameter, Hartmann number, Lewis number and pressure gradient parameters, slip and temperature jump boundary conditions on the behavior of the nanofluid. Also, the results of the homotopy perturbation method are compared to the results in the literature and good agreements are established. This study is significant to the advancements of nanofluidics such as energy conservation, friction reduction and micro mixing biological samples.
Introduction
The study of fluid flow between parallel surfaces has generated wide research interests over the years due to its increasing application in the field of science and engineering. Fluid flow in parallel medium such as disks has useful applications in manufacturing industries, power transmission equipment amongst others due to parallel surfaces in relative motion. In efforts to study fluid flow between parallel surfaces, Mustafa et al. [25] investigated the heat and mass transfer between parallel plates undergoing unsteady squeezing fluid flow while Hayat et al. [11] presented the squeezing flow of second grade fluid between parallel disk in the presence of magnetic field. In another work, Domairry and Aziz [3] applied the homotopy perturbation method to study the effect of suction and injection on MHD squeeze flow between parallel disks. The squeezing flow viscous fluid flow between plates under unsteady condition was analyzed by Siddiqui et al. [47] . Rashidi et al. [28] explored analytical solutions to study unsteady squeezing flow between parallel plates. Khan and Aziz [20] presented a study on the flow of nanofluid between parallel plates due to natural convection. Shortly after, Khan and Aziz [19] analyzed double diffusive natural convective boundary layer fluid flow through porous media saturated with nanofluid while Kuznestov and Nield [21] also studied nanofluid flow between parallel plates but with natural convective boundary layer. Hashimi et al. [10] developed analytical solutions in studying squeezing fluid flow of nanofluid. The effect of stretching sheet wall problem adopting natural convective boundary conditions was investigated by Yao et al., Kandasamy et al., Makinde and Aziz [18, 22, 50] . However, in recent past, the effects of slip effect on fluid [1, [3] [4] [5] [6] 8, 17, 23, 27, 49] due to its significance to most practical fluid flow situations. When flow system characteristics size is small or low flow pressure, the assumption of no slip boundary condition becomes insufficient and inadequate in predicting the flow behavior under such scenario. Therefore, additional boundary conditions are required to adequately predict the low flow pressure or low system characteristics size. Such slip boundary condition was first initiated by Navier [26] upon which other researchers have built [2, 24] . Most of the above reviews have been limited to the analysis of squeezing flow under no slip and no temperature jump boundary conditions. Moreover, most of the nonlinear fluid flow and heat transfer problems have solved with different numerical and semi-analyticalnumerical or approximate analytical methods [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . However, the development of analytical solutions by some of the approximate analytical methods such as Adomian decomposition method, homotopy analysis method, variation iteration methods for the flow process often involved complex mathematical analysis leading to analytic expression involving a large number terms. In practice, analytical solutions with large number of terms and conditional statements for the solutions are not convenient for use by designers and engineers [9, 48] . Also, in such methods, the search for a particular value that will satisfy the other end boundary condition(s) necessitated the use of software and such always results in additional computational cost in the generation of solution to the problem. Consequently, in many research works, recourse has been made to numerical methods in solving the problems. However, in the class of the newly developed approximate analytical methods, homotopy perturbation method is considered to relatively simple with fewer requirements for mathematical rigour or skill. Homotopy perturbation method (HPM) gives solutions to nonlinear integral and differential equations without linearization, discretization, closure, restrictive assumptions, perturbation, approximations, round-off error and discretization that could result in massive numerical computations. It provides excellent approximations to the solution of non-linear equation with high accuracy. Moreover, the need for small perturbation parameter as required in traditional PMs, the difficulty in determining the Adomian polynomials, the rigour of the derivations of differential transformations or recursive relation as carried out in DTM, the lack of rigorous theories or proper guidance for choosing initial approximation, auxiliary linear operators, auxiliary functions, auxiliary parameters, and the requirements of conformity of the solution to the rule of coefficient ergodicity as done in HAM, the search Lagrange multiplier as carried in VIM, and the challenges associated with proper construction of the approximating functions for arbitrary domains or geometry of interest as in Galerkin weighted residual method (GWRM), least square method (LSM) and collocation method (CM) are some of the difficulties that HPM overcomes. The results of HPM are completely reliable and physically realistic and unlike the other approximate analytical methods, it does not involve the search for a particular value that will satisfy the other end boundary condition(s) [12] [13] [14] [15] [16] . Therefore, in this work, homotopy perturbation method is used to study the slip effects of squeezing nanofluid flow through two parallel disks under magnetic field with pressure gradient. The analytical solution of the homotopy perturbation method is used to investigate the effects of various flow parameters with the effects discussed in detail.
Model development and analytical solution
Consider a nanofluid that flows axisymmetrically through parallel disks as shown in Fig. 1 . The upper disk is moving towards the stationary lower disks under uniform magnetic field strength applied perpendicular to disk. The fluid conducts electrical energy as it flows unsteadily under magnetic force field. The fluid structure is everywhere in thermodynamic equilibrium and the plate is maintained at constant temperature. [6] The details of the governing equation and non-dimensional parameters have been described in [6] which can be introduced under stated assumptions as:
The relevant boundary conditions are given as
Using the following dimensionless quantities
The dimensionless equations are given as
and the dimensionless boundary conditions are given as
Method of solution by homotopy perturbation method
The comparative advantages and the provision of acceptable analytical results with convenient convergence and stability [12] [13] [14] [15] [16] coupled with total analytic procedures of homotopy perturbation method compel us to consider the method for solving the system of nonlinear differential equations in (9)- (11).
The basic idea of homotopy perturbation method
In order to establish the basic idea behind homotopy perturbation method, consider a system of nonlinear differential equations given as
with the boundary conditions
where A is a general differential operator, B is a boundary operator, f (r) a known analytical function and Γ is the boundary of the domain Ω.
The operator A can be divided into two parts, which are L and N, where L is a linear operator, N is a non-linear operator. Eq. (15) can be therefore rewritten as follows
By the homotopy technique, a homotopy U(r, p) : Ω × [0, 1] → R can be constructed, which satisfies
or
In the above Eqs. (18) and (19), p ∈ [0, 1] is an embedding parameter, u 0 is an initial approximation of (15), which satisfies the boundary conditions. Also, from (18) and (19), we will have
The changing process of p from zero to unity is just that of U(r, p) from u 0 (r) to u(r). This is referred to homotopy in topology. Using the embedding parameter p as a small parameter, the solution of Eqs. (18) and (19) can be assumed to be written as a power series in p as given in
It should be pointed out that of all the values of p between 0 and 1, p = 1 produces the best result. Therefore, setting p = 1, results in the approximation solution of (14)
The basic idea expressed above is a combination of homotopy and perturbation method. Hence, the method is called homotopy perturbation method (HPM), which has eliminated the limitations of the traditional perturbation methods. On the other hand, this technique can have full advantages of the traditional perturbation techniques. The series (23) is convergent for most cases.
Application of the homotopy perturbation method to the present problem
According to homotopy perturbation method (HPM), one can construct a homotopy for Eqs. (9)- (11) as
Taking power series of velocity, temperature and concentration fields, gives
The substitution of Eq. (27) into Eq. (24) yields
The boundary conditions for Eqs. (30)- (32) are
The substitution of Eq. (28) into Eq. (25) yields
The boundary conditions for Eqs. (34)-(36) are
The substitution of Eq. (29) into Eq. (26) yields
The boundary conditions for Eqs. (38)- (40) are
Solving Eq. (30) and applying the boundary condition (33) leads to
Also, on solving Eq. (34) and applying the boundary condition (37) yields
And the solution of Eq. (38) with the application of the boundary condition (41) is
On solving Eq. (31) and applying the boundary condition (33) , one arrives at
.
Also, on solving Eq. (35) and applying the boundary condition (37) gives
It can easily be shown that the solution of Eq. (39) after the application of the boundary condition (41) yields
In the same way, f 2 (η), θ 2 (η) and ϕ 2 (η) in Eqs. (32), (36) and (40) are solved using the boundary conditions (33), (37) and (41), respectively. Although, the resulting solutions and the other subsequent solutions are too long to be shown in this paper, they are included in the simulated results shown graphically in the results and discussion section.
The substitution of Eqs. (42) and (45) into the power series (27) yields
Also, substituting Eqs. (43) and (46) into the power series (28) gives
Similarly, substituting Eqs. (44) and (47) into the power series (29) yields
4. Results and Discussion Table 1 shows the comparison of the results of the numerical method (NM) and the homotopy perturbation method used in this work. From the results, it could be inferred that the results of the presents work agrees with the results of the numerical method using shooting method with the sixth-order Runge-Kutta method. In order to further establish the accuracy of the solution of HPM, the results of the present study (in the absence of slip parameter) are further compared with the results of the numerical method using shooting method with six-order Runge-Kutta method. The values of local Nusselt number, Nu L and local Sherwood number, Sh L have been calculated for various values of Nb and Nt. An excellent agreement is found between the two set of results as shown in Table 2 . Therefore, the use of the homotopy perturbation method for the analysis of the double diffusive models is justified.
The obtained analytical solutions are reported graphically to show the influence of various fluid parameters. The effect of slip parameter is illustrated in Fig. 2 where it is shown that radial velocity component increases with an increase in slip parameter near the lower disk i.e. η > 0 and η < 0.5 ( not accurately determined) and reverse is the case as it approaches the upper disk, i.e., η > 0.5 and η < 1 (not accurately determined) which can be physically explained due to increase in slip components leads to a corresponding decrease in shear stress. A reverse trend is observed clearly from Fig. 3 which shows the effect of increasing Hartmannparameter (M), it is shown that at increasing values of M the velocity decreases slightly near the lower disk and as the upper disk is approached the velocity increases slightly due to the increase in boundary layer thickness caused by the Lorentz or magnetic force field. As squeeze parameter (S) increases which is demonstrated in Fig. 4 the radial velocity component increases, though effect is maximum at the lower disk and minimum at the upper disk. Fig. 5 depicts the effect of increasing pressure term (C) on the fluid flow; it is shown here that with increasing C a very slight increase in velocity component is observed.
Temperature jump effect (γ) on temperature profile is shown in Fig. 6 , where it is depeicted that as γ increases temperature distribution increases towards the lower disk where it decreases towards the upper disk. In the absence of slip i.e. γ = 0 it is observed that temperature distribution equals one at the lower plate and zero at the upper plate. Influence of thermophoresis parameter (Nt) is demonstrated in Fig. 7 which depicts that increasing values of Nt, the temperature distribution is maximum at the lower disk, only to fall rapidly towards the upper disk. The effect of squeeze parameter (S) on temperature distribution is seen in Fig. 8 which illustrates at increasing values S temperature at the lower disk reduces while temperature at the upper disk increases which can be physically explained as increase in S leads to a corresponding decrease in kinematic viscosity and vice versa. It is obvious from Fig. 9 that increasing pressure term (C) as no significant effect on temperature distribution.
Influence of Lewis number (Le ) is observed in Fig. 10 where it is depicted that increasing Le evokes a corresponding increase in concentration distribution at the region closer to the lower disk, though decreases rapidly as it moves towards the upper plate. Thermophoresis parameter (Nt) effect is observed in Fig. 11 , at increasing values of Nt the concentration profile increases significantly but towards the upper plate there is a steady reduction. Fig. 12 depicts the effect of Brownian motion parameter (Nb) as observed at increasing value of Nb concentration profile decreases significantly, which falls rapidly as it approaches the upper disk at suction. Also when squeeze parameter (S) is increased, the effect is illustrated in Fig. 13 where the concentration distribution increases significantly near the wall close to the lower disk but falls rapidly as the upper disk is approached during suction. 
Conclusion
In this study, the flow, heat transfer and concentration characteristics of an electrically conducting nanofluid under magnetohydrodynamics with pressure gradient under the influences of slip and temperature-jump conditions have been analyzed using the homotopy perturbation method. Analytical solutions were reported graphically to demonstrate the influence of various flow parameters on the flow phenomena. Effects of parameters such as thermophoresis, Brownian motion, Lewis number and pressure gradient on flow and heat transfer was investigated. This study is significantly important in the in energy conservation, friction reduction and micro mixing biological samples.
